We investigate the multiplicity of the weak solutions for the nonlinear elliptic boundary value problem. We get a theorem which shows the existence of at least four weak solutions for the asymptotically linear elliptic problem with Dirichlet boundary condition. We obtain this result by using the Leray-Schauder degree theory, the variational reduction method and critical point theory.
Introduction
Let be a bounded open subset of R n with smooth boundary ∂ . Let L be the self-adjoint strongly elliptic partial differential operator
where a ij (x) ∈ L ∞ ( ). Let f : R → R be a C  function. Let λ k be the eigenvalues and φ k , k = , , . . . , be the associated normalized eigenfunctions of the eigenvalue problem Lu+λu =  in , u =  on ∂ . We note that  < λ  < λ  ≤ · · · ≤ λ k → ∞ and φ  > . In this paper, we consider the multiplicity of solutions of the following elliptic problem with Dirichlet boundary condition and jumping nonlinearity:
The physical model for this kind of the jumping nonlinearity problem can be furnished by traveling waves in suspension bridges. The nonlinear equations with jumping nonlinearity have been extensively studied by Lazer [] proved that if -∞ < f (-∞) < λ  and λ n < f (+∞), then there exists s  such that for all s ≥ s  , (.) has at least two solutions if n is odd, and three solutions if n is even. http://www.journalofinequalitiesandapplications.com/content/2013/1/187
Our main result is as follows.
Theorem . Assume that -∞ < a < λ  < b < λ  , s > . Then (.) has at least four solutions.
For the proof of Theorem . we use the Leray-Schauder degree theory, the variational reduction method and the critical point theory. The outline of this paper is as follows:
In Section , we show the existence of the third weak solution for (.) by the variational reduction method and critical point theory. In Section , we show the existence of the fourth weak solution for (.) by the Leray-Schauder degree theory.
Existence of the third weak solution
We note that (. To show the existence of the third solution of (.), we shall use the variational reduction method and the critical point theory. We assume that -∞ < a < λ  < b < λ  and s > . Let g(ξ ) = bξ + -aξ -and H   ( ) be the Sobolev space with the norm
We consider the following functional associated with (.):
where
For simplicity, we shall write I = I a,b when a and b are fixed. By the condition -∞ < a < λ  < b < λ  and s > , I is well defined. By the following Lemma ., I(u, s) ∈ C(H   ( ), R) and Fréchet differentiable in H   ( ), so the solutions of (.) coincide with the critical points of I(u, s). 
On the other hand,
and hence
With the above results, we see that I(u, s) is continuous at u. To prove I(u, s) is Fréchet differentiable at u ∈ H   ( ), it is enough to compute the following:
Let V be the one-dimensional space spanned by the eigenfunction φ  whose eigenvalue is λ  . Let W be the orthogonal complement of
Then (.) is equivalent to the two systems in the two unknowns v and z:
The subspace W is spanned by eigenfunctions corresponding to the eigenvalues λ k , k ≥ . Let v ∈ V be fixed and consider the function h : W → R defined by
The function h has continuous Fréchet derivatives Dh given by
for y ∈ W . By Lemma ., I is a function of class C  .
By the following Lemma ., we can get the critical points of the functional I(u, s) on the infinite dimensional space H   ( ) from that of the reduced functionalĨ(v, s) on the finite dimensional subspace V .
If we put z = θ (v, s), then θ is continuous on V and satisfies a uniform Lipschitz condition in v with respect to L  norm (also norm · ). Moreover,
(ii) There exists m >  such that if w and y are in W , then 
where d denote the Leray-Schauder degree. 
follows that the right-hand side of (.) defines, for fixed v ∈ V , a Lipschitz mapping of (I -P)L  ( ) into itself with Lipschitz constant r = δ |λ  -δ| < . Therefore, by the contraction mapping principle, for given v ∈ V , there exists a unique z
θ is continuous and satisfies a uniform Lipschitz condition in v with respect to L  norm
Hence,
From (.), we see that
Since
we have
(ii) If w and y are in W , then
, s)(w) =  for all w ∈ W and E is the direct sum of V and W , it follows that
) is also path connected.
We define the functional on H
The critical points of I * a,b (u) coincide with the solutions of the equation
Under the assumption -∞ < a < λ  < b < λ  , (.) has only the trivial solution and hence I * a,b (u) has only one critical point u = . In fact, from (.), we obtain
Proof To prove the conclusion, it suffices to show thatĨ * a,b (v) does not satisfies the following cases:
Suppose that (i) holds. It follows thatĨ * a,b (v) has an absolute maximum at v  , and hence
which is a contradiction. A similar argument show that it is impossible that (ii) holds. Suppose that (iii) holds. Then there exists t  ∈ (, ) such that for all t with  < t ≤ t  ,
We note that there exist v  =  and t with  < t ≤ t  such that tĨ *
Let v ∈ V be given and  < t  < . Let θ * t  (v) be the unique solution of the equation
is a nontrivial solution of the equation
that is,
which contradicts the fact that the above equation has only the trivial solution because Let v ∈ V be given and  < t  < . Let θ * t  (v) be the unique solution of the equation
which contradicts the fact that the above equation has only the trivial solution because -∞ < t  a < λ  < b < λ  .
From now on, we shall denote that I a,b = I.
Proof We shall prove the lemma by contradiction. We suppose that there exists a sequence
For given v n ∈ V , let w n = θ (v n , s) be the unique solution of the equation
By Lemma ., we have that for some constant k,
From this the sequence {
} is bounded and 
Dividing the above inequality by v n  , we obtain
From the definition of w n = θ (v n , s), we have that for any y ∈ W , n ≥ ,
Let us set y = w n in (.) and divide by v n  . Then we have
for all n ≥ . Let y ∈ W . Dividing (.) by v n and letting n → ∞, we obtain
Letting n → ∞ in (.), we obtaiñ 
Each v ∈ V has the form v = cφ  Therefore, we have, in B, 
Existence of the fourth weak solution
In this section, we shall consider the Leray-Schauder degree of the elliptic operator for the multiplicity of the solutions of (.).
Lemma . Assume that
is a positive solution of (.).
The proof of this lemma has the similar process to that of Theorem  in [] .
is a negative solution of (.).
The proof of this lemma has the same process as that of Lemma .. http://www.journalofinequalitiesandapplications.com/content/2013/1/187
where v  is the third solution of (.).
Proof We know that the third solution v  of (.) is an isolated local minimum of I a,b (u, s).
So we prove the lemma. , and v n satisfies
Taking the inner product of both sides of (.) with φ  , we have
Thus, if v n is a solution of (.), then
Since v n 's are precompact in H We have the following no solvability condition for (.).
Lemma . Assume that -∞ < a < λ  < b < λ  . Then there exists a constant s  <  so small enough that if s ≤ s  , the problem
Proof We can rewrite (.) as
Taking the inner product of both sides of (.) with φ  , we have
Thus, there is no solution for s ≤ s  if s  < . This completes the proof. Thus, (.) has at least four solutions. 
